The two-dimensional ferroelectrics GeS, GeSe, SnS and SnSe are expected to have large spontaneous in-plane electric polarization and enhanced shift-current response. Using density functional methods, we show that these materials also exhibit the largest effective second harmonic generation reported so far. It can reach magnitudes up to 10 nm/V which is about an order of magnitude larger than that of prototypical GaAs. To rationalize this result we model the optical response with a simple one-dimensional two-band model along the spontaneous polarization direction. Within this model the second-harmonic generation tensor is proportional to the shift-current response tensor. The large shift current and second harmonic responses of GeS, GeSe, SnS and SnSe make them promising non-linear materials for optoelectronic applications.
I. INTRODUCTION
The second harmonic generation (SHG) is one of the most important non-linear optical responses in semiconductor physics 1 . Common applications include frequency doublers and surface probes where the extreme sensitivity to local crystal symmetry is exploited. The SHG research has a long history dating back to the 60's. It has been investigated extensively in bulk [2] [3] [4] [5] [6] [7] and more recently two-dimensional (2D) materials [8] [9] [10] [11] [12] [13] [14] . The SHG is non-vanishing only in materials that lack inversion symmetry. These can be polar with a finite electric polarization or non-polar. To our knowledge the SHG has not been investigated in 2D ferroelectrics. In 2016 ferroelectricity was realized in single-layer SnTe 15 , motivating our study of optical response in lower dimensional ferroelectrics. The advent of 2D ferroelectrics provides a new playground for experimentalists and theorists in the search for new optical phenomena where dimensionality and ferroelectricity play an important role.
Recent studies of single-layer GeS, GeSe, SnS and SnSe (hereafter referred as MX) show that they are 2D ferroelectrics. These materials are predicted to have very large in-plane spontaneous electric polarization [16] [17] [18] [19] and large shift-current response [19] [20] [21] . Variation of these structures such the β−GeSe also show promising transport properties too 22 . The shift current 6,23-26 is the first nonvanishing contribution to dc current in ferroelectrics. Similar to the SHG, the shift current is quadratic in the electric field and hence only present in materials that lack inversion symmetry. Intuitively, the electron wavepacket jumps from one atom to another when absorbing a photon. It requires quantum coherence but does not require the medium to be inhomogeneous. Importantly, the SHG susceptibility tensor diverges at shift current states 6 , and hence is it interesting to investigate whether the SHG is also large in MX or if it is related to its large shift current.
In this work we answer these questions affirmatively. We calculate the SHG in MX using ab-initio density functional theory (DFT). We find that the response is larger than prototypical non-linear semiconductor GaAs by an order of magnitude. We model the optical response along the polar axis with a two-band approximation which allows us to disentangle the contributions to the SHG susceptibility. Within this approximation the imaginary part of the SHG response is proportional to the shift current tensor and the real part is proportional to the shift vector 6, 23, 24 . Since the shift current is large in MX 19 , we expect large SHG, consistent with our DFT calculations. The model further predicts that the integral of the imaginary part of the SHG tensor (along the polar axis) times the frequency vanishes. This prediction is tested against multiband DFT calculations for MX finding good agreement.
In section II we give the details of the numerical computations and in Sec. III we present the DFT results for the SHG susceptibility. In Sec. IV we construct a twoband approximation and compared it with our DFT results. We conclude in Sec. V.
II. METHODS
We use density functional theory (DFT) as implemented in the ABINIT 27 computer package with the generalized gradient approximation to the exchange correlation energy functional within the Perdew-Burke- 
Ernzerhof functional
28 . We use Hartwigsen-GoedeckerHutter norm conserving pseudopotentials 29 available in the ABINIT website 30 . We use an energy cut-off of 40 Hartrees to expand the plane waves basis set. To model the slabs we use supercells with 15Å along the nonperiodic direction, which includes about 10Å of vacuum. To calculate the SHG we include 20 valence and 30 conduction bands, together they accounts for all allowed transitions up to 6 eV; we use a mesh of 70 × 70 k-points along the periodic slab directions.
In periodic-cell calculations, the response is integrated over the three-dimensional (3D) Brillouin zone (BZ). In particular, supercells calculations include a vacuum region used to simulate 2D slabs. This contribution must be subtracted from the total response. To extract the effective response of a single layer we factor the response per unit length perpendicular to the slab and multiply by an effective thickness of layer. The procedure amounts to scale the supercell numerical results by a factor L/d, where L is the supercell lattice parameter perpendicular to the slab and d is the effective thickness of the layer. Here we assume reasonable effective slab widths of d =2.56, 2.61, 2.84 and 2.73Å, for GeS, GeSe, SnS and SnSe, respectively. Once the ground-state wave function and energies are computed, we compute the SHG susceptibility χ 2 , as implemented TINIBA 31 which is based on the analysis of reference 6. The sum over k-points is made using the interpolation tetrahedron method 32 . Our calculated band structures agree with previous reports and our method of calculating SHG reproduces that of GaAs reported in the literature 33 .
III. RESULTS
The electric polarization in materials can be descried as a power series in the electric field 1 ,
Where P 0 is the electric polarization in the absence of fields, χ 1 is the linear susceptibility and χ 2 , χ 3 , etc. are the non-linear susceptibilities; E is the locally-averaged macroscopic electric field (local-field effects are not included in this work). For MX, P 0 = P 0 z is parallel to the slab as shown in Fig. 1 and can be as large as 1.9 C/m 2 19. For a monochromatic electric field, E a = E a (ω)e −iωt + c.c., the second order polarization can be expressed as,
where a, b and c are Cartesian components along x, y, z direction and summation over repeated indices is implied. The space group of bulk MX is P nma, which contains a center of inversion and hence has zero bulk spontaneous polarization. The atoms in the conventional cell are arranged in two weakly coupled layers, each with opposite in-plane polarizations. When one of the layers is removed, the resulting structure lacks inversion symmetry and has large in-plane spontaneous electric polarization [17] [18] [19] .The single-layer of MX has point group mm2 and so the only non-zero components of χ 2 are zxx, zyy, zzz, yyz, xzx, as well as the components obtained from exchanging the last two indices.
In Fig. 2 we show our DFT results for the imaginary and absolute part of χ 2 for MX=GeS, GeSe, SnS, and SnSe. Only the components giving rise to a current along the polar axis with linear polarization are shown. The other components are much smaller with the exception of yyz which is of the same order as the zzz component. Note that the effective |χ 2 | can reach values up to 10 nm/V over a large frequency range including the visible frequency regime (1.5-3 eV). In fact, it is larger than that of prototypical semiconductor GaAs 34 , which can reach up to 0.8 nm/V, see Fig. 3(a) . Another interesting feature is that the strong in-plane anisotropy of χ 2 in MX, e.g., |χ zyy 2 | is generally larger than |χ zzz 2 |. In table I, we compare the reported values of the SHG of other 2D materials studied so far. Even though these materials break inversion symmetry they have a rotational 3-fold symmetry which prevents them from having a polar axis. As a consequence they have zero electric polarization, except for MX studied in this work. Indeed, MX has the largest SHG reported so far.
IV. TWO-BAND APPROXIMATION OF THE SHG SUSCEPTIBILITY
Since the analytic expression for χ 2 is not simple (even at the single-particle level) it is hard to disentangle the important factors contributing to the magnitude of χ 2 or any correlations to other optical responses. However, simple two-band models such as the Rice-Mele model 36 , have been successful in explaining the relation between shift current and electric polarization 19 . In this work, we expand this approach and model the SHG along the polar axis, with a two-band approximation. From the general expression for χ 2 (see 6), setting a, b, c = z and for simplicity omitting the Cartesian components we obtain,
with,
where σ 2 (0; −ω, ω) is the shift current tensor.
In these expressions both the positive and negative components of the frequency were taken into account and ω is positive. The shift vector,
depends on the Berry connections, A nm = i u n |∂ k |u m , where n, m are band indices. r 12 = v 12 /iω 12 is the dipole matrix element, and v 12 = u 1 |v|u 2 are the velocity matrix elements between the periodic part of the Bloch states u m . φ nm is the phase of the interband Berry connection,
where ω 21 = ω 2 − ω 1 = 2E k , E k is the band dispersion and P takes the principal part of the argument. These expressions can also be obtained from Floquet theory 37 . Since χ i (i=1,2,..) is related to the electromagnetic energy stored in a dielectric 1 , χ 2 is zero when there is no energy absorption. From Eq. 5 we see that χ 2 = 0 for 2 ω < E g , because two photons of energy at least ω = E g /2 can be absorbed. The real part however can be non-zero below the gap energy due to virtual transitions.
The imaginary part χ 2 is proportional to the difference of two shift current tensors at the first and second harmonic of the incoming photon frequency. From previous studies we know the shift current tensor 20, 26 has sharp onset at the band edges. Hence χ 2 has two sharp peaks at ω = E g and 2 ω = E g . Barring a fortuitous cancellation between the peaks, a large shift current would imply large χ 2 . More important, the shift current tensor in Eq. 6 depends on a gauge-invariant matrix elements |r 12 | 2 R 12 and the density of states (DOS). Usually, these contributions cannot be disentangled and the shift current has a complex dependence of each of them 25, 26 . In 2D, the situation is different. The DOS is approximately constant and hence the shift current (and χ 2 ) are determined by the shift vector and velocity matrix elements 21 . This means that, for materials with similar DOS, the one with larger spontaneous electric polarization have larger shift current and hence stronger SHG. As shown above our DFT calculations of the SHG in MX are consistent with this picture.
A. Sum rule
Integrating the imaginary part of χ 2 , as given in Eq. 5 we obtain, where we used r 21 = v 21 /iω 21 . This result is not a simple consequence of the oddness of χ 2 under ω → −ω and hence it is interesting to assess its validity for a full-band structure calculation. To this end we define,
and computed A zzz (ω) within DFT. We find the sum rule is mostly satisfied for ω > 7 eV for the materials considered, as shown in Fig. 3(c) . The sum rule is not satisfied for other components; for instance in Fig. 3(b) we show A zyy . Hence the two-band approximation captures the integrated SHG response along the polar axis in MX.
V. CONCLUSIONS
We have calculated the second harmonic generation (SHG) susceptibility of single-layer GeS, GeSe, SnS and SnSe using density functional theory. We found that the effective 3D SHG response of these materials is larger than that of GaAs by an order of magnitude and is the largest reported so far. In addition, we constructed a twoband approximation to SHG multiband susceptibility to describe the SHG. Within this approximation we found that the imaginary part of χ zzz 2 is proportional to the difference of two shift current tensors at the first and second harmonic frequencies. Since the shift current is large in MX 19, 20 , we expect the SHG will be large too, in agreement with our DFT calculation.
We left for future research the inclusion of quasiparticle effects, local fields and excitonic contributions. Quasiparticle and local fields effects are expected to be small and could be well approximated within the independentparticle formalism 7 . Excitonic bound states, on the other hand, are expected to increase |χ 2 | due to resonances at bound states. In conclusion, the strong SHG together with the large shift current in GeS, GeSe, SnS and SnSe make these materials of great interest for optoelectronic applications.
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